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Abstract
We write down a vertical representation for the elliptic Ding-Iohara-Miki algebra, and
construct an elliptic version of the refined topological vertex of Awata, Feigin and Shiraishi .
We show explicitly that this vertex reproduces the elliptic genus of M-strings, and that it is
an intertwiner of the algebra.
1 Introduction
The AGT relation [1, 2] is an intriguing string duality connecting 4d N = 2 gauge theories and 2d
CFTs. It was inspired by the class S construction [3] of N = 2 gauge theories by compactifying
certain 6d N = (2, 0) SCFT on a punctured Riemann surface. There is a similar proposal [4]
for 5d N = 1 gauge theories, whose dual is proposed to be q-deformed W-algebras. The class S
picture clearly does not explain the origin of this q-deformed W-symmetry, and that the 5d AGT
relation reduces to the original AGT proposal in the q → 1 limit suggests that another picture
might exist for this kind of relations, which can be converted to the class S picture through a series
of string dualities. Interestingly, in 2011, an alternative but equivalent realization of the refined
topological vertex to the original Iqbal-Kozcaz-Vafa (IKV) version [5] was reported by Awata,
Feigin, and Shiraishi (AFS) [6], to be identified as the intertwiner1 in a so-called Ding-Iohara-Miki
(DIM) algebra [7, 8]. This underlying algebra is established to be a q-deformed W1+∞ algebra
[8], and in [9] (see also [10]), it is conjectured to be the same W∞[µ] algebra used in the higher-
spin AdS3/CFT2 holography [11] up to a u(1)-extension. In [6], the (p, q)-brane web [12] used to
construct 5d gauge theories, which is dual to the toric diagram of the toric Calabi-Yau manifold in
the topological string approach [13], is interpreted as a web of representations of the DIM algebra.
This suggests a potential connection between the toric diagram and the origin of the W-symmetry
of gauge theories. Indeed, a linear W1+∞ symmetry is discovered in the B-model on the mirror
Calabi-Yau [14] in the unrefined limit. There is another type of q-deformed W-algebra associated
to the quiver of 5d gauge theories discovered in [15]. Let us denote this W-algebra associated to
the quiver Γ as Wq,t(Γ) and the W-lagebra associated to the gauge group g in the original AGT
proposal asWq,t(g) (these q-deformedW-algebras associated to Lie algebra g,Wq,t(g), are the same
as those defined in [16]). Wq,t(Γ) transforms to Wq,t(g) under the fiber-base duality [17], which
interchanges D5-branes and NS5-branes in terms of the brane web. Interestingly, the fiber-base
duality can be found in the SL(2,Z) automorphism [8] of the DIM algebra, as explained in [18] that
both Wq,t(g) and Wq,t(Γ) are embedded respectively in the vertical and horizontal representation
of the DIM algebra. More generally, truncation of the (p, q)-brane web at different angles gives rise
to various W-algebras as discussed in [19]. It is then natural to expect a detailed investigation on
the DIM algebra will reveal the nature of the AGT relation, even though neither the field-theory
realization of q-W algebras nor the worldsheet formulation of the refined topological string is clear
at the current stage.
It was soon discovered that the partition function of 6d N = (1, 0) theory realized by compacti-
fied (p, q)-brane web along the NS5-brane direction[20] also has interpretation as a conformal block
in the elliptic Virasoro algebra [21, 22]. The 6d partition function is computed with the refined
topological vertex on a compactified toric Calabi-Yau [23, 20, 21], and the system is argued to be
dual to the system of M2 branes suspended between parallel M5 branes, or the M-strings (on A-
1The IKV refined topological vertex is the tensor element of this intertwiner under some proper basis.
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type ALE space [24]). An alternative derivation of the 5d and 6d AGT relation from the M-string
was provided in [25, 26]. On the other hand, a natural elliptic extension of the DIM algebra was
constructed in a rather different context [27], and we refer to this algebra as the elliptic DIM algebra
in this article. As already discussed in [21], the elliptic Virasoro algebra can be embedded into the
coproduct of two horizontal representations of the elliptic DIM algebra constructed in [27], and thus
it is natural to expect that one can formulate the M-strings computation in a similar way to [6]
with a web of representations of the elliptic DIM algebra.
In this paper, we first write down a representation of the elliptic DIM algebra in analogy to the
vertical representation of the usual DIM algebra, and then we construct an elliptic version of the
refined topological vertex. As the main claim of this paper, we prove the AFS property, which states
that the elliptic AFS vertex is indeed an intertwiner of the elliptic DIM algebra (the algebra acts
in the adjoint way to the vertex). At the end, we conclude the article by discussing the application
of these vertices to the elliptic AGT relation.
The following figure sketches another point of this paper: the elliptic genus of M-strings (instan-
ton partition function of 6d theories) can be produced with the elliptic vertex introduced in this
paper.
C(µν),(ξ,ζ),λ
Notation related to Young diagrams For a given Young diagram λ, we decompose it into a
series of non-negative integer numbers {λi|i ∈ Z+} satisfying, λ1 ≥ λ2 ≥ λ3 ≥ . . . . These numbers
correspond to the number of boxes in each column of the Young diagram. We denote λt as the
transpoed Young diagram of λ, and (i, j) ∈ λ stands for the box in the i-th row and j-th column
in λ. All notations used in this article are listed in the following table.
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Figure 1: An example of Young diagram λ and boxes in A(λ) (shaded) and in R(λ) (dotted). (Boxes
in A(λ) do not belong to λ, and R(λ) ⊂ λ. We always have |A(λ)| − |R(λ)| = 1. )
terminology notation meaning
arm length a(i, j) a(i, j) = λtj − i
leg length ℓ(i, j) ℓ(i, j) = λi − j
coordinate of a box x = (i, j) ∈ λ χx χx = vq
i−1
1 q
j−1
2 with v the highest-
weight parameter of λ
set of all boxes that can be added to λ A(λ) see Figure 1
set of all boxes that can be removed
from λ
R(λ) see Figure 1
size of λ |λ| |λ| =
∑
i λi
The Frobenius coordinate (α1, α2, . . . , αs|β1, β2, . . . , βs) of a Young diagram λ is defined by
αi = a(i, i) +
1
2
, βi = ℓ(i, i) +
1
2
, for i = 1, 2, . . . , s. (1.1)
s represents the number of boxes in the diagonal direction of λ. Note that
∑
i(αi + βi) = |λ| and
exchanging αi and βi transforms λ to λ
t.
2 Elliptic Genus of M-strings
The elliptic genus of M-strings [20] can be computed from the refined topological string on a Calabi-
Yau geometry specified by a toric diagram with its top and bottom external legs identified together.
It can also be interpreted as the instanton partition function of the corresponding 6d N = (1, 0)
theory on R4 × T 2 with omega background twisting. This partition function is an elliptic version
of the Nekrasov partition function, which is a natural consequence from the fact that the refined
topological vertex on toric Calabi-Yau is dual to 5d N = 1 theory constructed from (p, q)-brane
web, and the compactification (i.e. identification of external legs) of this brane web along the NS5
direction lifts the theory to 6d. We give a brief review on it in this section, by rederiving it on
the compactified toric Calabi-Yau, with the Awata-Feigin-Shiraishi (AFS) version of the refined
topological vertex [6] (see also [18] for a review and generalization). The derivation for the partition
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function of a strip with arbitrary even number of horizontal legs was originally done in [21]. The
building block for a compactified brane web is
Φ∗[v1]
Φ[v2]
We note that by replacing Φ∗ and Φ with the generalized AFS vertices introduced in [18], it is
possible to build the compactified brane web with arbitrary rank of gauge group. What we need
to do is to take the trace over the Fock space of the horizontal representation of the DIM algebra.
There are various of ways to compute the trace in the Fock space, and one of them is reviewed in
Appendix A. The trace of : Φ[v2]Φ
∗[v1] can be evaluated to
2
∏
n>0 1− p
n
t∗(λ, v1)t(µ, v2)
trτ : Φ
∗
λ[v1]Φµ[v2] :
= exp
(
−
∑
n>0
1
n
pn
1− pn
1
(1− tn)(1− q−n)
(
1 + qn3 − γ
n
(
v1
v2
)n
− γn
(
v2
v1
)n
−(1− tn)(1− q−n)
((
χy
v2
)n
− γ−n
(
χy
v1
)n
− γ−n
(
χx
v2
)n
+ q−n3
(
χx
v1
)n)
−(1− tn)(1− q−n)
((
v1
χx
)n
− γn
(
v1
χy
)n
− γn
(
v2
χx
)n
+ qn3
(
v2
χy
)n)
+(1− tn)2(1− q−n)2
(
q−n3
(
χx
χx′
)n
− γ−n
(
χy
χx
)n
− γ−n
(
χx
χy
)n
−
(
χy
χy′
)n))
, (2.1)
where q3 := t/q = γ
2, p = e−τ is the modulus of the torus, and the AFS vertices are given by
Φ
(n)
λ [u, v] = tn(λ, u, v) : Φ∅(v)
∏
x∈λ
η(χx) :, (2.2)
Φ
∗(n)
λ [u, v] = t
∗
n(λ, u, v) : Φ
∗
∅(v)
∏
x∈λ
ξ(χx), (2.3)
with the normalization factors
tn(λ, u, v) = (−uv)
|λ|
∏
x∈λ
(γ/χx)
n+1, (2.4)
t∗n(λ, u, v) = (γu)
−|λ|
∏
x∈λ
(χx/γ)
n, (2.5)
2We used a convenient notation in this equation that whenever x, or x′ (resp. y or y′) appears, it is summed over
all boxes in x, x′ ∈ λ (resp. y, y′ ∈ µ). This convenient notation is used throughout this section.
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and the vertex operators,
V±(z) = exp
(
±
∑
n≥1
1
n
z∓n
1− q∓n
a±n
)
, (2.6)
Φ∅(v) = V−(v)V+(v), (2.7)
Φ∗∅(v) = V
−1
− (γv)V
−1
+ (v/γ), (2.8)
η(z) = exp
(∑
n≥1
1− t−n
n
zna−n
)
exp
(
−
∑
n≥1
1− tn
n
z−nan
)
, (2.9)
ξ(z) = exp
(
−
∑
n≥1
1− t−n
n
γnzna−n
)
exp
(∑
n≥1
1− tn
n
γnz−nan
)
, (2.10)
expressed in q-bosons satisfying
[an, a−m] = n
1 − q|n|
1− t|n|
δn,m. (2.11)
q and t are two Ω-background parameters, and γ is a short notation for γ = (t/q)1/2. χx is a
coordinate-like complex number assigned to each box x in the Young diagram λ associated to the
Coulomb branch parameter3 v. When x is in the i-th row and j-th column, χx = vq
i−1t−j+1. We
note that u-dependence of the AFS vertex was not explicitly written in the l.h.s. of equation (2.1),
as it only appears in the overall normalization factor t and t∗ and cancels out on the r.h.s. Refer to
[6, 18] for more details about the AFS vertex.
Equation (2.1) can be divided into four parts. First we have an overall factor which does not
depend on λ or µ, i.e. terms in the first line of equation (2.1) combined with a similar factor from
the contraction of Φ∗λ and Φµ,
Gellip(γv1, v2; q, t, p) := exp
[
∞∑
n=1
1
n
1
(1− q−n)(1− tn)
((γv1/v2)
n
−
pn
1− pn
(
1 + qn3 − γ
n
(
v1
v2
)n
− γn
(
v2
v1
)n))]
. (2.12)
This is an elliptic version of the original overall factor G(γv1, v2; q, t) := exp
(∑∞
n=1
1
n
(γv1/v2)n
(1−q−n)(1−tn)
)
with an additional new prefactor
Zellip := exp
(
−
∞∑
n=1
1
n
1 + qn3
(1− q−n)(1− tn)(1− pn)
)
. (2.13)
3To be more precise, it is the position parameter for the associated D5 brane in the brane web. The ratio of two
v’s parameterizes the Coulomb branch.
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The second part depends on both λ and µ, and it is an elliptic version of the bifundamental
contribution. Up to the original bifundamental contribution coming from the contraction of Φ∗ and
Φ,
Zbfd(v1, λ, v2, µ|γ
−1) =
∏
x∈λ,y∈µ
(
1−
qγχx
tv2
)(
1−
γv1
χy
) (1− γqχx
χy
)(
1− t
−1γχx
χy
)
(
1− γχx
χy
)(
1− qt
−1γχx
χy
) , (2.14)
and we have in addition,
exp
(
−
∑
n>0
1
n
pn
1− pn
(
γ−n
(
χy
v1
)n
+ γ−n
(
χx
v2
)n
+ γn
(
v1
χy
)n
+ γn
(
v2
χx
)n
−(1− t−n)(1− qn)
(
γn
(
χy
χx
)n
+ γn
(
χx
χy
)n)))
=
(
pγ−1
χy
v1
; p
)
∞
(
pγ−1
χx
v2
; p
)
∞
(
pγ
v1
χy
; p
)
∞
(
pγ
v2
χx
; p
)
∞
×
(
pt−1γ χy
χx
; p
)
∞
(
pqγ χy
χx
; p
)
∞(
pγ χy
χx
; p
)
∞
(
pq−13 γ
χy
χx
; p
)
∞
(
pt−1γ χx
χy
; p
)
∞
(
pqγ χx
χy
; p
)
∞(
pγ χx
χy
; p
)
∞
(
pq−13 γ
χx
χy
; p
)
∞
, (2.15)
which combine together into
Zellipbfd (v1, λ; v2, µ|γ
−1) =
∏
y∈µ
θp(γv1/χy)
∏
x∈λ
θp(γ
−1χx/v2)
∏
x∈λ,y∈µ
θp(t
−1γχx/χy)θp(qγχx/χy)
θp(γχx/χy)θp(q
−1
3 γχx/χy)
, (2.16)
where the θ-function θp(z) is defined by
θp(z) = (z; p)∞
(
pz−1; p
)
∞
=
∏
k≥0
(
1− pkz
) ∏
k≥0
(
1− pk+1z−1
)
. (2.17)
This is precisely the elliptic Nekrasov factor, and we review its several equivalent expressions in
Appendix C.
The remaining two parts correct the vector multiplet contributions of λ and µ respectively. The
factor associated to λ reads
exp
[∑
n>0
1
n
pn
1− pn
(
q−n3
(
χx
v1
)n
+
(
v1
χx
)n
− (1− tn)(1− q−n)q−n3
(
χx
χx′
)n)]
, (2.18)
and that for µ is given by
exp
[∑
n>0
1
n
pn
1− pn
((
χy
v2
)n
+ qn3
(
v2
χy
)n
− (1− tn)(1− q−n)
(
χy
χy′
)n)]
. (2.19)
Note that the vector multiplet contribution comes from the inner product of Φ∗ and Φ, it is corrected
by both a (2.18)-like factor and also a (2.19)-like factor. Taking into account of the γ−1 shift in
(2.16), we find that
Zellipvec (v, λ) = Zbfd(v, λ; v, λ|1)
−1. (2.20)
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Therefore, we see that the partition function of the 6d theory on T 2 can also be built with
building blocks of Zellipbfd and Z
ellip
vec , i.e. elliptic Nekrasov factors. In section 5, we will show that the
elliptic vertex introduced there reproduces the above instanton partition function (elliptic genus)
by reproducing the correct expressions of Zellipbfd and Z
ellip
vec .
3 Elliptic Ding-Iohara-Miki Algebra [27]
In the following sections, we construct an elliptic topological vertex, which is formulated on the
toric diagram (brane web before compactification) while reproduces the elliptic partition function.
We start from the definition and basic properties of the elliptic DIM algebra.
Definition 1 The elliptic DIM algebra is specified by the generators ψ±(z), x±(z), and the
following relations (q1q2q3 = 1),
[ψ±(z), ψ±(w)] = 0, (3.1)
ψ+(z)ψ−(w) =
gellip (γˆz/w)
gellip (γˆ−1z/w)
ψ−(w)ψ+(z) (3.2)
ψ±(z) x+(w) = gellip
(
γˆ±
1
2z/w
)
x+(w)ψ±(z) (3.3)
ψ±(z) x−(w) = gellip
(
γˆ∓
1
2z/w
)−1
x−(w)ψ±(z) (3.4)
x±(z) x±(w) = gellip (z/w)
±1 x±(w) x±(z) (3.5)[
x+(z), x−(w)
]
=
θp(q1)θp(q2)
(p; p)2∞ θp(q1q2)
(
δ (γˆw/z) ψ+
(
γˆ
1
2w
)
− δ
(
γˆ−1w/z
)
ψ−
(
γˆ−
1
2w
))
, (3.6)
with,
gellip(z) =
∏
i
θp(qiz)
θp(q
−1
i z)
. (3.7)
Remark: There is an apparent automorphism of the algebra, i.e. interchanging among the
parameters q1 ↔ q2 ↔ q3. We set, when no further instruction is added, q1 = q, q2 = t−1 and
q3 = q
−1
1 q
−1
2 = t/q in this article.
This algebra admits a Hopf algebra structure, with a standard Drinfeld coproduct, as can be
already seen in the discussion of Ding and Iohara’s original paper [7]. We have the following lemma
for the concrete form of the coproduct and it is shown by explicit computation in Appendix D.
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Lemma 1 The elliptic DIM algebra is equipped with the following coproduct structure.
∆(x+(z)) = x+(z)⊗ 1 + ψ−(γˆ1/2(1) z)⊗ x
+(γˆ(1)z),
∆(x−(z)) = x−(γˆ(2)z)⊗ ψ
+(γˆ
1/2
(2) z) + 1⊗ x
−(z),
∆(ψ+(z)) = ψ+(γˆ
1/2
(2) z)⊗ ψ
+(γˆ
−1/2
(1) z),
∆(ψ−(z)) = ψ−(γˆ
−1/2
(2) z)⊗ ψ
−(γˆ
1/2
(1) z),
(3.8)
where γˆ(1) = γˆ ⊗ 1 and γˆ(2) = 1⊗ γˆ.

Remark: We note that from θp(z
−1) = −z−1θp(z), an important property,
gellip(z
−1) = gellip(z)
−1, (3.9)
holds for the algebra.
Remark: Unlike in the usual DIM, the mode expansion of x±(z) and ψ±(z) are all given by
[27]
x±(z) =:
∑
n∈Z
x±n z
−n, ψ±(z) =:
∑
n∈Z
ψ±n z
−n, (3.10)
the direct consequence of which is that ψ±0 are no longer centers of the algebra.
4 Representations of Elliptic DIM
In this section, we briefly discuss several representations of the elliptic DIM, in analogy to the vertical
and horizontal representations of the usual DIM algebra. These representations will be used in the
construction of the elliptic vertex in the next section. An important feature of these representations
is that in the p → 0 limit, they reduce to well-defined and yet non-trivial representations of the
usual DIM algebra, that is to say, if we further expand the generators of the elliptic DIM with
respect to p, as
x±(z) =:
∑
n∈Z,m∈Z≥0
x±m,nz
−npm, ψ±(z) =:
∑
n∈Z,m∈Z≥0
ψ±m,nz
−npm, (4.1)
ψ±0,0 are mapped to constants in these representations (since they are central elements in DIM), and
give rise to an additional label to γˆ to this class of representations.
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4.1 Vertical Representation
Recall that the (0, N) vertical representation of the normal DIM reads
x+(z) |~v, ~λ〉〉 ∝ z−N+1
∑
x∈A(~λ)
δ(z/χx) Res
z→χx
1
zY~λ
|~v, ~λ+ x〉〉,
x−(z) |~v, ~λ〉〉 ∝ zN−1
∑
x∈R(~λ)
δ(z/χx) Res
z→χx
z−1Y~λ(zq
−1
3 ) |~v, ~λ− x〉〉,
ψ±(z) |~v, ~λ〉〉 ∝ Ψ~λ(z) |~v,
~λ〉〉,
which preserves the norm 〈〈~v, ~λ |~v, ~µ〉〉 = δ~λ,~µa
−1
~λ
with a natural dual representation. A similar rep-
resentation labeled by one Young diagram of the elliptic DIM which preserves the elliptic instanton
partition function can be constructed. The existence of this representation is the key to build the
elliptic vertex.
Proposition 1 The following action of generators on the basis labeled by the highest-weight
parameter v and a Young diagram λ gives a representation of the elliptic DIM algebra at γˆ = 1.
x+(z) |v, λ〉〉 =
b
(p; p)2∞
∑
x∈A(λ)
δ(z/χx) Res
z→χx
θ 1
zYellipλ (z)
|v, λ+ x〉〉, (4.2)
x−(z) |v, λ〉〉 =
b−1γ−1
(p; p)2∞
∑
x∈R(λ)
δ(z/χx) Res
z→χx
θz−1Yellipλ (zq
−1
3 ) |v, λ− x〉〉, (4.3)
ψ±(z) |v, λ〉〉 = γ−1Ψellipλ (z) |v, λ〉〉, (4.4)
where the elliptic Y-function is given by
Yellipλ (z) =
∏
x∈A(λ) θp(χx/z)∏
x∈R(λ) θp(χx/(zq3))
, (4.5)
Ψellipλ (z) = Y
ellip
λ (zq
−1
3 )/Y
ellip
λ (z), (4.6)
and we introduced a notation
Res
z→x
θf(z) =
1
(p; p)2∞
Res
z→x
f(z), (4.7)
as an elliptic residue. A(λ) and R(λ) are respectively the set of boxes that can be added to or
removed from the Young diagram λ to create a Young diagram with size |λ| ± 1. b is a free
parameter here. We call this representation the vertical representation of the elliptic DIM algebra.

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The proof is due to the explicit computation and we present it in Appendix F.
There is one important point to stress here. It may appear in the above expression of the
vertical representation that the representations of ψ+(z) and ψ−(z) are the same, but they are in
fact different expansion of the same function. In the calculation of Appendix F, to establish the
representation with the generalized Ramanujan’s identity (E.1), we replace θ-functions in ψ+, θp(z),
with the identity θp(z) = −zθp(z−1) to obtain the expression of ψ−. Note that
θp(z) = (1− z)
∞∏
i=1
(1− piz)(1− piz−1), (4.8)
is symmetric about z ↔ z−1 in the infinite product, and thus replacing θp(z) with θp(z) = −zθp(z−1)
is essentially replacing (1 − z) with − (1−z
−1)
z−1
. When a θp(z) is in the denominator, this operation
gives rise to a difference proportional to the δ-function.
The simplest way to work out the double expansion of ψ±(z), (4.1), is to first split the θ-function
as (4.8) into an infinite product, which is symmetric about z ↔ z−1, and the part that survives in
the p → 0 limit (we call it the DIM part), and we expand the infinite product with repsect to p
in the same way as the well-known expansion of θp(z) presented in (B.3) and the DIM part about
z (resp. z−1) for ψ+ (ψ− resp.). This difference on expansion can be viewed as inherited from the
representation of the usual DIM algebra obtained in the p→ 0 limit, as the only difference between
ψ± comes from the factors in the DIM part.
We have
ψ±0,0 = γ
∓1, (4.9)
in this representation.
Remark: We fixed the overall scaling of x± in the above expressions, but left the relative
scaling b to be free for now. It turns out that there is a nice and natural choice of b for a particular
expression of the elliptic vertex.
To construct a dual vertical representation, we need to fix aλ, the inner product of two dual
states, in the elliptic case. Recall that in the usual DIM, we can choose
a~λ = Zvect(~v,
~λ)
N∏
l=1
(γvl)
−|~λ|
∏
x∈~λ
χx, (4.10)
then the most natural candidate in the elliptic case is obtained by simply replacing Zvect with its
elliptic version, (2.20), using
Zellipbfd (v, λ; v
′, ν|µ) =
∏
(i,j)∈λ
θp
(
(v/v′)µ−1q−ν
t
j+it−λi+j−1
) ∏
(i,j)∈ν
θp
(
(v/v′)µ−1qλ
t
j−i+1tνi−j
)
, (4.11)
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i.e.
aellipλ = Z
ellip
vect (v, λ)(γv)
−|λ|
∏
x∈λ
χx. (4.12)
Using the recursive relations of Zellipvect (v, λ) presented in Appendix C, we have
aellipλ+x
aellipλ
=
θp(q
−1
3 )
θp(q1)θp(q2)
γχ−1x Res
z→χx
θ 1
Yλ(zq
−1
3 )Yλ(z)
, (4.13)
aellipλ−x
aellipλ
= −
θp(q
−1
3 )
θp(q1)θp(q2)
γ−1χ−1x Res
z→χx
θYλ(zq
−1
3 )Yλ(z), (4.14)
where we used the identity θp(z
−1) = −z−1θp(z).
With (4.13) and (4.14), it is straightforward to derive the following corollary.
Corollary 1 The following dual vertical representation,
〈〈v, λ|ψ±(z) = γ−1Ψellipλ (z)〈〈v, λ| , (4.15)
〈〈v, λ|x+(z) = −
γ−1b
(p; p)2∞
∑
x∈R(λ)
〈〈v, λ− x| δ(z/χx) Res
z→χx
θz−1Yellipλ (zq
−1
3 ), (4.16)
〈〈v, λ|x−(z) = −
b−1
(p; p)2∞
∑
x∈A(λ)
〈〈v, λ+ x| δ(z/χx) Res
z→χx
θ 1
zYellipλ (z)
, (4.17)
admits a norm structure 〈〈v, λ |v, µ〉〉 = δλ,µ
(
aellipλ
)−1
.
Remark: We will denote the map from elements of the elliptic DIM algebra to operators in the
vertical representation space by ρ
(0,1)
v . Its action on the ket (resp. bra) basis is given by the vertical
(resp. dual vertical) representation described above. The corresponding representation space is
denoted as F (0,1)v . The label (ℓ1, ℓ2) = (0, 1) is inherited from the representation of DIM, and in the
current case ρ
(ℓ1,ℓ2)
v (γˆ, ψ
+
0,0/ψ
−
0,0) = (q
ℓ1/2
3 , q
−ℓ2
3 ).
4.2 Horizontal representations [27]
We completely follow the convention used in [27] in this subsection.
Definition 2 (elliptic boson) The elliptic boson is constituted of two copies of Heisenberg
algebras with the normalization,
[am, an] = m(1− p
|m|)
1− q|m|
1− t|m|
δm+n,0, [bm, bn] = m
1− p|m|
(qt−1p)|m|
1− q|m|
1− t|m|
δm+n,0, (4.18)
and an and bn commute with each other.
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Definition 3 We define
η(z) =: exp
(
−
∑
n 6=0
1− t−n
1− p|n|
p|n|bn
zn
n
)
exp
(
−
∑
n 6=0
1− tn
1− p|n|
an
z−n
n
)
:, (4.19)
ξ(z) =: exp
(∑
n 6=0
1− t−n
1− p|n|
γ−|n|p|n|bn
zn
n
)
exp
(∑
n 6=0
1− tn
1− p|n|
γ|n|an
z−n
n
)
:, (4.20)
ϕ(z) =: exp
(
−
∑
n>0
(1− tn)(qt−1p)n
1− pn
(1− γ2n)γn/2b−n
z−n
n
)
exp
(∑
n>0
1− t−n
1− pn
(1− γ2n)γ−n/2a−n
zn
n
)
:,
(4.21)
ϕ¯(z) =: exp
(∑
n>0
(1− t−n)(qt−1p)n
1− pn
(1− γ2n)γn/2bn
zn
n
)
exp
(
−
∑
n>0
1− tn
1− pn
(1− γ2n)γ−n/2an
z−n
n
)
: .
(4.22)
As shown in [27] we have the following representation of the elliptic DIM labeled by n.
Proposition 2 The following map gives a representation of the elliptic DIM algebra at γˆ = γ,
x+(z) 7→ uγnz−nη(z), x−(z) 7→ u−1γ−nznξ(z), ψ+(z) 7→ γ−nϕ¯(z), ψ−(z) 7→ γnϕ(z). (4.23)
u is the highest-weight parameter of the representation. We denote this map with the notation
ρ
(1,n)
u , and F
(1,n)
u as the representation space of it4.

We check this claim in Appendix G.
Remark: In the definition of vertex operators (4.19)-(4.22), we observe that whenever bn appear,
it is always accompanied by a factor p|n|. We can absorb this factor into the normalization of bn,
and then the Heisenberg algebra of bn becomes completely commutative in the limit p→ 0. In this
limit, bn no longer contributes any factor to the correlators, and can be completely dropped out.
Therefore, the vertex operators (4.19)-(4.22) reduce to those used in the (1, n) representation of
DIM algebra [28, 6], when we take p→ 0.
Remark: Note that ψ±0,0 = γ
∓n, and indeed (ℓ1, ℓ2) = (1, n) for the representation (4.23).
5 Elliptic Awata-Feigin-Shiraishi vertex
As explained in [18], in the AFS approach, each D5-brane (or (1, 0)-brane) in the brane web is
mapped to a vertical representation in the algebra and each (n, 1)-brane to a (1, n) horizontal
4F
(1,n)
u for any n and u is essentially a tensor product of two Fock spaces.
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representation. The highest weight parameters u’s and v’s respectively have the physical meaning
of the position parameters of NS5 and D5-branes. At the intersections of three branes, we assign
AFS vertices to the brane web, and the VEV of the product of all these vertices gives the instanton
partition function of the brane web. In the elliptic case, we will use the elliptic vertex introduced
in the this section instead, and will adopt the same rule of assignment to the brane web (without
compactification).
Definition 4 (elliptic vertex) We introduce the following elliptic vertices
Φ(n) : F (1,n)u ⊗ F
(0,1)
v → F
(1,n+1)
−uv , (5.1)
Φ∗(n) : F (1,n+1)−uv → F
(1,n)
u ⊗ F
(0,1)
v , (5.2)
and define them in terms of their vector components,
Φ
(n)
λ [u, v] := Φ
(n)[u, v] |v, λ〉〉 = tn(λ, u, v) : Φ∅(v)
∏
x∈λ
η(χx) :, (5.3)
Φ
∗(n)
λ [u, v] := 〈〈v, λ|Φ
∗(n)[u, v] = t∗n(λ, u, v) : Φ
∗
∅(v)
∏
x∈λ
ξ(χx) :, (5.4)
where tn and t
∗
n are again given by
tn(λ, u, v) = (−uv)
|λ|
∏
x∈λ
(γ/χx)
n+1, (5.5)
t∗n(λ, u, v) = (γu)
−|λ|
∏
x∈λ
(χx/γ)
n, (5.6)
and
Φ∅(v) =: exp
(
−
∑
n 6=0
1
n
q−nvn
(1− q−n)(1− p|n|)
p|n|bn
)
exp
(∑
n 6=0
1
n
v−n
(1− q−n)(1− p|n|)
an
)
:, (5.7)
Φ∗∅(v) =: exp
(∑
n 6=0
1
n
γ−|n|q−nvn
(1− q−n)(1− p|n|)
p|n|bn
)
exp
(
−
∑
n 6=0
1
n
γ|n|v−n
(1− q−n)(1− p|n|)
an
)
: . (5.8)

Proposition 3 The contraction between elliptic vertices can be computed to the following
results.
Φµ[u2, v2]Φλ[u1, v1] = G˜
−1(v1, v2)Z
ellip
bfd (v1, v2;λ, µ|1)
−1 : Φµ[u2, v2]Φλ[u1, v1] :, (5.9)
Φ∗µ[u2, v2]Φ
∗
λ[u1, v1] = G˜
−1(v1, v2q
−1
3 )Z
ellip
bfd (v1, v2q
−1
3 ;λ, µ|1)
−1 : Φ∗µ[u2, v2]Φ
∗
λ[u1, v1] :, (5.10)
Φµ[u2, v2]Φ
∗
λ[u1, v1] = G˜(v1, v2γ
−1)Zellipbfd (v1, v2γ
−1;λ, µ|1) : Φµ[u2, v2]Φ
∗
λ[u1, v1] :, (5.11)
Φ∗µ[u2, v2]Φλ[u1, v1] = G˜(v1, v2γ
−1)Zellipbfd (v1, v2γ
−1;λ, µ|1) : Φ∗µ[u2, v2]Φλ[u1, v1] : . (5.12)
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where
G˜(v1, v2) = exp
(∑
n>0
1
n
(v1/v2)
n
(1− tn)(1− q−n)(1− pn)
)
exp
(∑
n>0
1
n
pn
1− pn
qn3 (v2/v1)
n
(1− q−n)(1− tn)
)
, (5.13)
and we used the identity (C.8),
Zellipbfd (v1, v2;λ, µ) =
∏
x∈λ
θp
(
χx
v2q3
)∏
y∈µ
θp
(
v1
χy
) ∏
x∈λ,y∈µ
θp(qχxχ
−1
y )θp(t
−1χxχ
−1
y )
θp(χxχ−1y )θp(χxχ
−1
y q
−1
3 )
. (5.14)

Remark: We note that up to a factor independent of v1 and v2, G˜(v1, v2) matches the overall
factor Gellip(v1, v2; q, t, p) derived in (2.12).
Corollary 2 With the above properties (5.9), (5.10), (5.11), (5.12) of the elliptic vertices, we
reproduce the elliptic genus of M-strings computed for example in [21].
Proof: What needs to be reproduced is the elliptic Nekrasov factor (2.16) from the contraction
of vertex operators in the horizontal representation and (2.20) from the vertical representation. We
recall how the AFS vertices are glued together: they are simply multiplied together according to
the brane web, and we take the vacuum expectation value of the multiplied object to obtain the
partition function. In the vertical representation, in order to use the concrete expressions (5.3) and
(5.4), we insert the identity operator id =
∑
λ |v, λ〉〉a
ellip
λ 〈〈v, λ| into F
(0,1)
v , and (2.20) is reproduced
from (see Figure 2)
t−1(λ, u, v)t
∗
−1(λ, u
∗, v)aellipλ =
(
−
u
u∗γ
)|λ|
Zellipvect (v, λ), (5.15)
where q := − u
u∗γ
is the gauge coupling associated to F (0,1)v . The remaining part is trivial from the
contraction (5.9), (5.10), (5.11) and (5.12). Refer to, for example, [18] or [29] for how to construct
an instanton partition with a given shape of quiver.

The main claim of this paper is that the elliptic vertex defined above not only reproduces the
elliptic genus of M-strings, but is also an important building element of the underlying elliptic DIM
algebra, i.e. the intertwiner of the algebra.
Theorem (AFS property) The AFS property of the intertwiner,
Φ(n)[u, v](ρ(0,1)v ⊗ ρ
(1,n)
u )∆(g(z)) = ρ
(1,n+1)
u′ (g(z))Φ
(n)[u, v], (5.16)
(ρ(1,n)u ⊗ ρ
(0,1)
v )∆(g(z))Φ
∗(n)[u, v] = Φ∗(n)[u, v]ρ
(1,n+1)
−uv (g(z)). (5.17)
with g = x±, ψ±, holds for elliptic vertices.
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Φ
(−1)
λ [u, v] Φ
∗(−1)
λ [u
∗, v]
Figure 2: A typical representation web (toric diagram) for M-strings.

The proof is given in Appendix H by explicit computation.
6 Conclusion & Discussion
In this article, we constructed a vertical representation whose basis is labeled by one Young diagram
for the elliptic DIM algebra at γˆ = 1, and based on it, we did a parallel work to [6] to build an elliptic
vertex, whose VEV associated to certain class of representation webs (see Figure 2) reproduces the
partition function of corresponding 6d N = (1, 0) SCFTs (or equivalently, elliptic genus of M-
strings) up to some factor independent of Coulomb branch (or Ka¨hler) parameters. There are,
however, still a lot of open questions for future works, and we list some of them here with brief and
limited discussions attached.
Iqbal-Kozcaz-Vafa analogue of the elliptic vertex We note that essentially what is done in
this article is to replace the trace of a free boson with the VEV of two copies of free bosons (elliptic
boson) for the AFS refined topological vertex, and this is known as the Clavelli-Shapiro [30] trick
(see also [31] for a brief review) in the literature. In the IKV version of the refined topological
vertex, the bifundamental factors obtained in the unpreferred direction (which corresponds to the
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horizontal representation direction in the AFS approach) can also be viewed as VEVs of vertex
operators by using the vertex operator expression of the skew Schur function
sµ/ν(~x) = 〈ν|V+(~x) |µ〉 = 〈µ|V−(~x) |ν〉 , (6.1)
where |µ〉, |ν〉 are the fermion basis associated to the Frobenius coordinate of Young diagrams µ, ν
(see (1.1) and [5]) and
Jn :=
∑
j∈Z+1/2
ψ−jψ
∗
j+n, V±(~x) = exp
(
∞∑
n=1
1
n
∑
i
xni J±n
)
. (6.2)
We can also apply the Clavelli-Shapiro trick to these vertex operators and work out the IKV version
of the elliptic vertex, or we can follow the discussion in [6] to work the IKV version as the matrix
element of the elliptic vertex introduced in this article . The details are reported in [32].
Representations of elliptic DIM As we have already remarked in section 4.1 and 4.2, all the
representations of the elliptic DIM algebra we considered in this article have the special property
ψ±0,0 = constant. This property is inherited through the coproduct, due to the fact that the expansion
only contains non-negative powers of p. In this paper, it follows from the fact that in the p → 0
limit the representation we consider always reduces to a representation of the DIM algebra. It seems
that representations with ψ±0,0 central might only be a subclass of all representations of the elliptic
DIM algebra. We do not know any concrete example of more general representations, which does
not satisfy this property, and if there exists such an example, it will be curious what kind of role it
can play in the classification of 6d gauge theories.
Generalized elliptic vertex It is possible to write down a vertical representation with ψ±0,0 = γ
∓n
labeled by n Young diagrams for the elliptic DIM algebra at γˆ = 1. This can be done simply by
replacing the Y-function with
Yellip~λ (z) =
∏
x∈A(~λ) θp(χx/z)∏
x∈R(~λ) θp(χx/(zq3))
, (6.3)
where for ~λ = (λ(1), λ(2), . . . , λ(n)), A(~λ) = A(λ(1)) ∪ A(λ(2)) ∪ · · · ∪ A(λ(n)) and R(~λ) = R(λ(1)) ∪
R(λ(2)) ∪ · · · ∪ R(λ(n)), and properly adjusting the prefactors to symmetrize the expression for x±
and ψ±. With this representation, we can construct the generalized elliptic vertex as done in [18],
and this generalized vertex simplifies the computation for higher rank gauge groups a lot, allowing
us to make general statements.
qq-character of Kimura-Pestun’s picture Since the AFS property, (5.16), (5.17), holds for
the elliptic vertex introduced in this article, a parallel analysis to that done in [18] can be repeated
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to construct quantities in the algebra commutating with the T -operator, which is product of Φ and
Φ∗ and whose VEV gives the instanton partition function of the corresponding brane web. These
quantities are argued to correspond to Kimura-Pestun’s generators [15] of the quiver W-algebra,
Wq,t(Γ). The generalization of [15] to 6d is presented in [33]. We note that these generators take
almost the same form as their siblings in 5d, and resemble the structure of the qq-character gener-
ators built from “surface” operators in [34]. It will be very interesting to find the correspondings
of the “surface” operators in the elliptic DIM algebra.
qq-character in vertical representation and constrains on matter contents Another way
to derive the qq-characters from the DIM algebra was proposed in [35], in which we convert the
Ward identity of elements of the DIM algebra acting on the brane web to the contour integral, e.g.
for a pure SU(n) gauge theory,∮
dx
2πi
1
(x− z)
〈
xnY(xq−13 ) +
qν˜−1
Y(x)
〉
, (6.4)
where ν˜ =
∏n
i=1
(
− 1
viq3
)
. The Ward identity states that the sum of all residues over {χx|x ∈
A(λ) ∪ R(λ)} when evaluated on |~v, ~λ〉〉 in the expectation value
〈. . . 〉 =
∑
λ t−1(λ, u, v)t
∗
−1(λ, u
∗, v)aλ〈〈~v, ~λ| . . . |~v, ~λ〉〉∑
λ t−1(λ, u, v)t
∗
−1(λ, u
∗, v)aλ〈〈~v, ~λ| id |~v, ~λ〉〉
, (6.5)
is zero. Y(x) is an operator not specified in this article, and we only need its property that
〈〈~v, ~λ| Y(x) |~v, ~λ〉〉 = Y~λ(x)〈〈~v,
~λ |~v, ~λ〉〉. At the end, we find that the integral around x ∼ z can be
expressed as the sum of residues around x ∼ 0 and x ∼ ∞. It turns out that〈
znY(zq−13 ) +
qν˜−1
Y(z)
〉
= Tn(z), (6.6)
with Tn(z) some polynomial of z of degree n. We can also add additional matter flavors and non-
trivial Chern-Simons level to the theory, and as discussed in [35], by requiring that Tn(z) remains to
be a polynomial of degree n, we can recover the constraint on number of flavors and Chern-Simons
level for 5d SU(n) originally derived in [36].
We can repeat the same computation with the elliptic vertices, and interestingly, we see that
if either the number of fundamental hypermultiplets or the number of anti-fundamental hypermul-
tiplets is not equal to n in SU(n), there will be an essentail singularity at x = 0 or x = ∞, due
to the wild behavior of θp(x) at the origin and the infinity, and the above method to derive the
qq-characters will break down. This result agrees with that obtained from the discussion of gauge
anomaly cancellation in [37]. With a similar reasoning, Chern-Simons-like contributions are banned
in the partition function.
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With D-type quiver? A reflection state constructed in [29] can also be used in the elliptic DIM
algebra to build gauge theories with D-type or affine D-type quiver. 6d theories with affine D-type
quiver is classified in [37] as one of the little string theories. It will be very interesting to investigate
these theories in details with the elliptic vertex in the future.
There appeared different approaches to obtain the Nekrasov partition function by using the
blowup equation [38] for generic Calabi-Yau manifolds and the (q, t)-KZ equations [39]. It would
be extremely interesting to see the connection with these works.
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A Trace over Fock Space
We consider the correlation function in a thermalized harmonic oscillator, described by[
α, α†
]
= 1. (A.1)
The modulus of the thermal circle is set to be τ . Using the orthogonality of the Gaussian integral,∫
dzdz¯ znz¯me−zz¯ = n!δn,m, (A.2)
where we chose the normalization of the measure to be dzdz¯ = 1
π
rdrdθ, we can rewrite the ther-
malized correlation function for : φ(α, α†) : to
trτ : φ(α, α
†) :=
∑
n≥0
1
n!
e−nτ 〈0|αn : φ(α, α†) : α†n |0〉
=
∫
dzdz¯ e−zz¯ 〈0| eαz¯ : φ(α, α†) : ee
−τα†z |0〉 . (A.3)
Using the property of the coherent state
αee
−τα†z |0〉 = ze−τee
−τα†z |0〉 , 〈0| eαz¯α† = 〈0| eαz¯ z¯, (A.4)
18
the correlation funciton can be converted into a usual integral,
trτ : φ(α, α
†) :=
∫
dzdz¯ e−(1−e
−τ )zz¯φ(e−τz, z¯). (A.5)
A useful example is
: φ(α, α†) := exp (cα) exp
(
dα†
)
, (A.6)
for which
trτ : φ(α, α
†) :=
1
1− e−τ
exp
(
e−τ
1− e−τ
cd
)
. (A.7)
For the Heisenberg algebra,
[aˆn, aˆm] = nδn+m,0, (A.8)
the torus correlation function is defined with the propagator L0 =
∑
n>0 aˆ−naˆn instead of α
†α. We
therefore have
trτ :
∏
n>0
φn(aˆn, aˆ−n) :=
∏
n>0
∫
dzndz¯n e
−(1−e−nτ )znz¯nφn(e
−nτzn, nz¯n). (A.9)
Again for the example,
φn(aˆn, aˆ−n) =: exp (cnaˆ−n) exp (dnaˆn) :, (A.10)
we have
trτ :
∏
n>0
φn(aˆn, aˆ−n) := exp
(∑
n>0
n
e−nτ
1− e−nτ
cndn − log(1− e
−nτ )
)
. (A.11)
B Properties of θ-function
Our definition of the θ-function is
θp(z) = (z; p)∞(pz
−1; p)∞. (B.1)
The Laurent expansion of θp(z) over z can be obtained from the Jacobi triple identity,
∞∏
i=1
(1− x2i)(1 + x2i−1y)(1 + x2i−1y−1) =
∞∑
n=−∞
xn
2
yn, (B.2)
by putting xy = −z, x2 = p,
(p; p)∞(z; p)∞(z
−1p; p)∞ =
∞∑
n=−∞
(−1)np
n2−n
2 zn. (B.3)
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One can find the proof of this identity in various literatures, for example a physically motivated
derivation in [40], and we clearly see that it is a well-defined Taylor expansion about p. Similarly
when we encounter θp(z)
−1, we can expand 1
(zp;p)∞
and 1
(z−1p;p)∞
about p, with a prefactor 1
1−z
=∑
n∈Z≥0
zn multiplied. Collecting all these contributions, we can obtain a double expansion about
both p and z for a general function of the form∏
i θp(aiz)∏
j θp(bjz)
.
From the definition of the θ-function, it is straightforward to check that
θp(z
−1) = −z−1θp(z), (B.4)
θp(zp
n) = (−z)−np−
n(n−1)
2 θp(z). (B.5)
C Rewriting the Nekrasov Factor
The elliptic version of the Nekrasov factor is defined as [20, 21] (see also [34])
Zellipbfd (v1, λ; v2, ν|µ) =
∏
(i,j)∈λ
θp
(
(v1/v2)µ
−1q
νtj−i
1 q
−λi+j−1
2
) ∏
(i,j)∈ν
θp
(
(v1/v2)µ
−1q
−λtj+i−1
1 q
νi−j
2
)
. (C.1)
Using the recursive formulae (C.5) and (C.6) derived in [35], we have
Zellipbfd (v1, λ+ x; v2, ν|µ)
Zellipbfd (v1, λ; v2, ν|µ)
=
∏
y∈A(ν) θ(χxχ
−1
y q
−1
3 )∏
y∈R(ν) θp(χxχ
−1
y )
, (C.2)
Zellipbfd (v1, λ− x; v2, ν|µ)
Zellipbfd (v1, λ; v2, ν|µ)
=
∏
y∈R(ν) θ(χxχ
−1
y )∏
y∈A(ν) θp(χxχ
−1
y q
−1
3 )
, (C.3)
Zellipbfd (v1, λ; v2, ν + x|µ)
Zellipbfd (v1, λ; v2, ν|µ)
=
∏
y∈A(λ) θ(χxχ
−1
y )∏
y∈R(λ) θp(χxχ
−1
y q
−1
3 )
, (C.4)
Zellipbfd (v1, λ; v2, ν − x|µ)
Zellipbfd (v1, λ; v2, ν|µ)
=
∏
y∈R(λ) θp(χxχ
−1
y q
−1
3 )∏
y∈A(λ) θ(χxχ
−1
y )
. (C.5)
Combining these identities with Zellipvect (v, λ) = Z
ellip
bfd (v, λ; v, λ|1)
−1, we obtain
Zellipvect (v, λ+ x)
Zellipvect (v, λ)
=
1
θp(q1)θp(q2)
∏
y∈R(λ) θp(χxχ
−1
y )θp(χyχ
−1
x q
−1
3 )∏
y∈A(λ)
y 6=x
θp(χxχ−1y q
−1
3 )θp(χyχ
−1
x )
, (C.6)
Zellipvect (v, λ− x)
Zellipvect (v, λ)
=
1
θp(q1)θp(q2)
∏
y∈A(λ) θp(χxχ
−1
y q
−1
3 )θp(χyχ
−1
x )∏
y∈R(λ)
y 6=x
θp(χxχ−1y )θp(χyχ
−1
x q
−1
3 )
. (C.7)
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Starting from the initial value Zellipbfd (v1, ∅; v2, ∅|µ) = 1, it is straight forward to derive the equivalent
expression, which is repeatedly used in the Awata-Feigin-Shiraishi approach,
Zellipbfd (v1, λ; v2, ν|µ) =
∏
x∈λ
θp
(
χxµ
−1
v2q3
)∏
y∈ν
θp
(
v1µ
−1
χy
) ∏
x∈λ,y∈ν
θp(qχxχ
−1
y µ
−1)θp(t
−1χxχ
−1
y µ
−1)
θp(χxχ−1y µ
−1)θp(χxχ−1y q
−1
3 µ
−1)
.(C.8)
In the derivation of the above expression, we used the elliptic version of the shell formula,∏
x∈A(λ) θp(χx/z)∏
x∈R(λ) θp(χx/z)
= θp(v/z)
∏
x∈λ
θp(q1χx/z)θp(q2χx/z)
θp(χx/z)θp(q
−1
3 χx/z)
, (C.9)
where v = χ(1,1) is the Coulomb parameter associated to the Young diagram λ, and the identity
θp(z
−1) = −z−1θp(z).
Another well-known equivalent form of the Nekrasov factor is frequently used in the Iqbal-
Kozcaz-Vafa approach [5], and its elliptic version is simply given by
Zellipbfd (v1, λ; v2, ν|µ) =
∞∏
i,j=1
θp(v1µ
−1/v2q
−λti+j
1 q
λj−i+1
2 )
θp(v1µ−1/v2q
j
1q
−i+1
2 )
. (C.10)
D Coproduct of Elliptic DIM
The standard Drinfeld coproduct is given by,
∆(x+(z)) = x+(z)⊗ 1 + ψ−(γˆ1/2(1) z)⊗ x
+(γˆ(1)z),
∆(x−(z)) = x−(γˆ(2)z)⊗ ψ
+(γˆ
1/2
(2) z) + 1⊗ x
−(z),
∆(ψ+(z)) = ψ+(γˆ
1/2
(2) z)⊗ ψ
+(γˆ
−1/2
(1) z),
∆(ψ−(z)) = ψ−(γˆ
−1/2
(2) z)⊗ ψ
−(γˆ
1/2
(1) z),
(D.1)
where γˆ(1) = γˆ ⊗ 1 and γˆ(2) = 1⊗ γˆ. Let us confirm it by explicit computation.
∆(x+(z))∆(x+(w)) = x+(z)x+(w)⊗ 1 + x+(z)ψ−(γˆ1/2(1) w)⊗ x
+(γˆ(1)w) + ψ
−(γˆ
1/2
(1) z)x
+(w)⊗ x+(γˆ(1)z)
+ψ−(γˆ
1/2
(1) z)ψ
−(γˆ
1/2
(1) w)⊗ x
+(γˆ(1)z)x
+(γˆ(1)w)
= gellip(z/w)x
+(w)x+(z)⊗ 1 + gellip(γˆ
−1/2
(1) γˆ
1/2
(1) w/z)
−1ψ−(γˆ
1/2
(1) w)x
+(z)⊗ x+(γˆ(1)w)
+gellip(γˆ
−1/2
(1) γˆ
1/2
(1) z/w)x
+(w)ψ−(γˆ
1/2
(1) z)⊗ x
+(γˆ(1)z)
+gellip(γˆ(1)z/(γˆ(1)w))ψ
−(γˆ
1/2
(1) w)ψ
−(γˆ
1/2
(1) z)⊗ x
+(γˆ(1)w)x
+(γˆ(1)z)
= gellip(z/w)∆(x
+(w))∆(x+(z)),
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where in the last line, we used gellip(z
−1) = gellip(z)
−1.
∆(x−(z))∆(x−(w)) = x−(γˆ(2)z)x
−(γˆ(2)w)⊗ ψ
+(γˆ
1/2
(2) z)ψ
+(γˆ
1/2
(2) w) + x
−(γˆ(2)z)⊗ ψ
+(γˆ
1/2
(2) z)x
−(w)
+x−(γˆ(2)w)⊗ x
−(z)ψ+(γˆ
1/2
(2) w) + 1⊗ x
−(z)x−(w)
= g(γˆ(2)z/(γˆ(2)w))
−1x−(γˆ(2)w)x
−(γˆ(2)z)⊗ ψ
+(γˆ
1/2
(2) w)ψ
+(γˆ
1/2
(2) z)
+gellip(γˆ
−1/2
(2) γˆ
1/2
(2) z/w)
−1x−(γˆ(2)z)⊗ x
−(w)ψ+(γˆ
1/2
(2) z)
+gellip(γˆ
−1/2
(2) γˆ
1/2
(2) w/z)x
−(γˆ(2)w)⊗ ψ
+(γˆ
1/2
(2) w)x
−(z) + gellp(z/w)
−11⊗ x−(w)x−(z)
= gellip(z/w)
−1∆(x−(w))∆(x−(z)).
gellip(z
−1) = gellip(z)
−1 is again used.
∆(ψ+(z))∆(ψ−(w)) = ψ+(γˆ
1/2
(2) z)ψ
−(γˆ
−1/2
(2) w)⊗ ψ
+(γˆ
−1/2
(1) z)ψ
−(γˆ
1/2
(1) w)
=
gellip(γˆ(1)γˆ
1/2
(2) z/(γˆ
−1/2
(2) w))
gellip(γˆ
−1
(1) γˆ
1/2
(2) z/(γˆ
−1/2
(2) w))
gellip(γˆ(2)γˆ
−1/2
(1) z/(γˆ
1/2
(1) w))
gellip(γˆ
−1
(2) γˆ
−1/2
(1) z/(γˆ
1/2
(1) w))
ψ−(γˆ
−1/2
(2) w)ψ
+(γˆ
1/2
(2) z)⊗ ψ
−(γˆ
1/2
(1) w)ψ
+(γˆ
−1/2
(1) z)
=
gellip(γˆ(1)γˆ(2)z/w)
gellip(γˆ
−1
(1) γˆ
−1
(2)z/w)
ψ−(γˆ
−1/2
(2) w)ψ
+(γˆ
1/2
(2) z)⊗ ψ
−(γˆ
1/2
(1) w)ψ
+(γˆ
−1/2
(1) z).
∆(ψ±(z))∆(x+(w)) = ψ±(γˆ
±1/2
(2) z)x
+(w)⊗ ψ±(γˆ∓1/2(1) z) + ψ
±(γˆ
±1/2
(2) z)ψ
−(γˆ
1/2
(1) w)⊗ ψ
±(γˆ
∓1/2
(1) z)x
+(γˆ(1)w)
= gellip(γˆ
±1/2
(1) γˆ
±1/2
(2) z/w)x
+(w)ψ±(γˆ
±1/2
(2) z)⊗ ψ
±(γˆ
∓1/2
(1) z)
+


gellip(γˆ(1)γˆ
1/2
(1)
w/(γˆ
1/2
(2)
z))
gellip(γˆ
−1
(1)
γˆ
1/2
(1)
w/(γˆ
1/2
(2)
z)
gellip(γˆ
1/2
(2) γˆ
−1/2
(1) z/(γˆ(1)w))
gellip(γˆ
−1/2
(2) γˆ
1/2
(1) z/(γˆ(1)w))
ψ−(γˆ
1/2
(1) w)ψ
±(γˆ
±1/2
(2) z)⊗ x
+(γˆ(1)w)ψ
±(γˆ
∓1/2
(1) z)
= gellip(γˆ
±1/2
(1) γˆ
±1/2
(2) z/w)∆(x
+(w))∆(ψ±(z)).
∆(ψ±(z))∆(x−(w)) = ψ±(γˆ
±1/2
(2) z)x
−(γˆ(2)w)⊗ ψ
±(γˆ
∓1/2
(1) z)ψ
+(γˆ
1/2
(2) w) + ψ
±(γˆ
±1/2
(2) z)⊗ ψ
±(γˆ
∓1/2
(1) z)x
−(w)
=


gellip(γˆ
−1/2
(1) γˆ
1/2
(2) z/(γˆ(2)w))
−1
gellip(γˆ
1/2
(1) γˆ
−1/2
(2) z/(γˆ(2)w))
−1
gellip(γˆ
−1
(2)
γˆ
1/2
(1)
z/(γˆ
1/2
(2)
w))
gellip(γˆ(2) γˆ
1/2
(1)
z/(γˆ
1/2
(2)
w))
x−(γˆ(2)w)ψ
±(γˆ
±1/2
(2) z)⊗ ψ
+(γˆ
1/2
(2) w)ψ
±(γˆ
∓1/2
(1) z)
+gellip(γˆ
∓1/2
(2) γˆ
∓1/2
(1) z/w)
−1ψ±(γˆ
±1/2
(2) z)⊗ x
−(w)ψ±(γˆ
∓1/2
(1) z)
= gellip(γˆ
∓1/2
(2) γˆ
∓1/2
(1) z/w)
−1∆(x−(w))∆(ψ±(z)).
Finally we have,[
∆(x+(z)),∆(x−(w))
]
=
[
x+(z)⊗ 1 + ψ−(γˆ1/2(1) z)⊗ x
+(γˆ(1)z), x
−(γˆ(2)w)⊗ ψ
+(γˆ
1/2
(2) w) + 1⊗ x
−(w)
]
=
θp(q1)θp(q2)
(p; p)2∞θp(q1q2)
(
δ(γˆ(1)γˆ(2)w/z)ψ
+(γˆ
1/2
(1) γˆ(2)w)− δ(γˆ
−1
(1) γˆ(2)w/z)ψ
−(γˆ
−1/2
(1) γˆ(2)w)
)
⊗ ψ+(γˆ1/2(2) w)
+
θp(q1)θp(q2)
(p; p)2∞θp(q1q2)
ψ−(γˆ
1/2
(1) z)⊗
(
δ(γˆ(2)w/(γˆ(1)z))ψ
+(γˆ
1/2
(2) w)− δ(γˆ
−1
(2)w/(γˆ(1)z))ψ
−(γˆ
−1/2
(2) w)
)
=
θp(q1)θp(q2)
(p; p)2∞θp(q1q2)
(
δ(γˆ(1)γˆ(2)w/z)∆(ψ
+(γˆ
1/2
(1) γˆ
1/2
(2) w))− δ(γˆ
−1
(1) γˆ
−1
(2)w/z)∆(ψ
−(γˆ
−1/2
(1) γˆ
−1/2
(2) w))
)
.
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We note that ψ−(γˆ
1/2
(1) z)⊗x
+(γˆ(1)z) commutes with x
−(γˆ(2)w)⊗ψ+(γˆ
1/2
(2) w) following from gellip(z
−1) =
gellip(z)
−1. We remark that the standard Drinfeld coproduct structure holds as long as gellip(z)
−1 =
gellip(z
−1) is satisfied.
E Generalized Ramanujan’s Identity
The generalized Ramanujan identity is given by
N∏
i=1
1
θp(xi/z)
M∏
j=1
θp(yj/z)−
N∏
i=1
−z/xi
θp(z/xi)
M∏
j=1
(
−
θp(z/yj)
z/yj
)
=
∑
i
δ(xi/z)
(p; p)2∞
∏
k 6=i
1
θp(xk/xi)
M∏
j=1
θp(yj/xi).
(E.1)
Proof: We rewrite
N∏
i=1
1
θp(xi/z)
M∏
j=1
θp(yj/z) =
N∏
i=1
1
(1− xi/z)(pxi/z; p)∞(pz/xi; p)∞
M∏
j=1
(1− yj/z)(pyj/z; p)∞(pz/yj ; p)∞
=
∏M
j=1(1− yj/z)∏N
i=1(1− xi/z)
∏M
j=1(pyj/z; p)∞(pz/yj ; p)∞∏N
i=1(pxi/z; p)∞(pz/xi; p)∞
,
and
N∏
i=1
−z/xi
θ(z/xi)
M∏
j=1
(
−
θp(z/yj)
z/yj
)
=
N∏
i=1
−z/xi
(1− z/xi)
M∏
j=1
(1− z/yj)
−z/yj
∏M
j=1(pyj/z; p)∞(pz/yj ; p)∞∏N
i=1(pxi/z; p)∞(pz/xi; p)∞
.
There is a common factor in the above two terms, and the remaining part reduces to the well-known
identity of δ-function in the non-elliptic case,∏
i(1− aiz)∏
j(1− bjz)
− z|{i}|−|{j}|
∏
i(z
−1 − ai)∏
j(z
−1 − bj)
=
∑
k
∏
i(1− ai/bk)∏
j 6=k(1− bj/bk)
δ(bkz). (E.2)
F Check of Vertical Representation
As done in [18], all defining relations of the elliptic DIM but the commutation relation of [x+, x−]
can be satisfied with the key property of the Y-function,
Yellipλ+x (z)
Yellipλ (z)
=
θp(qχx/z)θp(t
−1χx/z)
θp(χx/z)θp(q
−1
3 χx/z)
=: Sellip(χx/z), (F.1)
following from the shell formula (C.9), since again
gellip(z) =
Sellip(z)
Sellip(q3z)
. (F.2)
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The remaining relation to check is
[
x+(z), x−(w)
]
=
θp(q)θp(t
−1)
(p; p)2∞θp(q
−1
3 )
δ(w/z)
(
ψ+(z)− ψ−(z)
)
. (F.3)
We have
[
x+(z), x−(w)
]
|v, λ〉〉 =
θp(q)θp(t
−1)γ−1
(p; p)4∞θp(q
−1
3 )
δ(z/w)

 ∑
x∈A(λ)
δ(χx/z) Res
z→χx
θY
ellip
λ (zq
−1
3 )
zYellipλ (z)
+
∑
x∈R(λ)
δ(χx/z) Res
z→χx
θY
ellip
λ (zq
−1
3 )
zYellipλ (z)

 |v, λ〉〉,
and we recognize the r.h.s. as the r.h.s. of the generalized Ramanujan’s identity (E.1) for Ψellipλ (z)
by recalling the definition of the Y-function (4.5) and the elliptic residue (4.7). Therefore let us
denote the equation after the use of (E.1) as
[
x+(z), x−(w)
]
|v, λ〉〉 =
θp(q)θp(t
−1)γ−1
(p; p)2∞θp(q
−1
3 )
δ(z/w)
[
Ψellipλ (z)||z|<1 −Ψ
ellip
λ (z)||z|>1
]
|v, λ〉〉, (F.4)
where
Ψellipλ (z)||z|<1 =
∏
x∈A(λ),y∈R(λ)
θp(q3χx/z)θp(q
−1
3 χy/z)
θp(χy/z)θp(χx/z)
, (F.5)
Ψellipλ (z)||z|<1 = q
−1
3
∏
x∈A(λ),y∈R(λ)
θp(q
−1
3 z/χx)θp(q3z/χy)
θp(z/χy)θp(z/χx)
, (F.6)
and we note that we have to expand the above expressions honestly with the double-expansion
(about p and z) expression of θp(z) and θp(z)
−1 to obtain the representation of ψ±k on |v, λ〉〉. See
Appendix B for more details on this expansion.
G Check of Horizontal Representation
From
η(z)η(w) =
θp(w/z)θp(q
−1
3 w/z)
θp(qw/z)θp(t−1w/z)
: η(z)η(w) :, (G.1)
η(w)η(z) =
θp(z/w)θp(q
−1
3 z/w)
θp(qz/w)θp(t−1z/w)
: η(z)η(w) :, (G.2)
we obtain
η(z)η(w) =
θp(qz/w)θp(t
−1z/w)θp(q3z/w)
θp(q−1z/w)θp(tz/w)θp(q
−1
3 z/w)
η(w)η(z), (G.3)
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which reproduces the commutation relation,
x+(z)x+(w) =
θp(qz/w)θp(t
−1z/w)θp(q3z/w)
θp(q−1z/w)θp(tz/w)θp(q
−1
3 z/w)
x+(w)x+(z). (G.4)
The contraction between two ξ’s is
ξ(z)ξ(w) =
θp(z/w)θp(z/wq
−1
3 )
θp(t−1z/w)θp(qz/w)
: ξ(z)ξ(w) :, (G.5)
which has the same commutation relation as x−(z)x−(w).
η(z)ϕ(w) =
θp(tγ
−1/2w/z)θp(q
−1γ−1/2w/z)θp(q
−1
3 γ
−1/2w/z)
θp(t−1γ−1/2w/z)θp(qγ−1/2w/z)θp(q3γ−1/2w/z)
: η(z)ϕ(w) :, (G.6)
and
ϕ(w)η(z) =: ϕ(w)η(z) :, (G.7)
are combined into
ϕ(z)η(w) =
θp(t
−1γ−1/2z/w)θp(qγ
−1/2z/w)θp(q3γ
−1/2z/w)
θp(tγ−1/2z/w)θp(q−1γ−1/2z/w)θp(q
−1
3 γ
−1/2z/w)
η(w)ϕ(z). (G.8)
It has the same commutation relation as that between ψ−(z) and x+(w).
η(z)ϕ¯(w) =: η(z)ϕ¯(w) :, (G.9)
and
ϕ¯(w)η(z) =
θp(tγ
−1/2z/w)θp(q
−1γ−1/2z/w)θp(q
−1
3 γ
−1/2z/w)
θp(t−1γ−1/2z/w)θp(qγ−1/2z/w)θp(q3γ−1/2z/w)
: ϕ¯(w)η(z) : . (G.10)
lead to
ϕ¯(z)η(w) =
θp(t
−1γ1/2z/w)θp(qγ
1/2z/w)θp(q3γ
1/2z/w)
θp(tγ1/2z/w)θp(q−1γ1/2z/w)θp(q
−1
3 γ
1/2z/w)
η(w)ϕ¯(z), (G.11)
which is the same commutation relation as that between ψ+(z) and x+(w). The contraction for ϕ
(resp. ϕ¯) with ξ(z) can be obtained by exchanging numerators and denominators in the computation
for η(z) and shifting zn by γ−|n|:
ϕ(z)ξ(w) =
(
θp(t
−1γ1/2z/w)θp(qγ
1/2z/w)θp(q3γ
1/2z/w)
θp(tγ1/2z/w)θp(q−1γ1/2z/w)θp(q
−1
3 γ
1/2z/w)
)−1
ξ(w)ϕ(z), (G.12)
ϕ¯(z)ξ(w) =
(
θp(t
−1γ−1/2z/w)θp(qγ
−1/2z/w)θp(q3γ
−1/2z/w)
θp(tγ−1/2z/w)θp(q−1γ−1/2z/w)θp(q
−1
3 γ
−1/2z/w)
)−1
ξ(w)ϕ¯(z), (G.13)
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which indeed reproduce the commutation relation between x− and ψ∓ respectively. The last com-
mutation relation [x+, x−] fixes the prefactor of ψ±.
η(z)ξ(w) =
θp(qwγ/z)θp(t
−1wγ/z)
θp(wγ/z)θp(q
−1
3 wγ/z)
: η(z)ξ(w) :, (G.14)
ξ(w)η(z) =
θp(qzγ/w)θp(t
−1zγ/w)
θp(zγ/w)θp(q
−1
3 zγ/w)
: ξ(w)η(z) :, (G.15)
: η(z)ξ(w) := exp
(∑
n 6=0
1− t−n
1− p|n|
p|n|
bn
n
(γ−|n|wn − zn)
)
exp
(∑
n 6=0
1− tn
1− p|n|
an
n
(γ|n|w−n − z−n)
)
: .
(G.16)
We note that the r.h.s. in the first two equations above are exactly the same, but expanded in
different ways with respect to z/w, exactly as in the generalized Ramanujan’s identity (E.1). Using
(E.1), we have
[η(z), ξ(w)] = δ(γw/z)
θp(q)θp(t
−1)
(p; p)2∞θp(q
−1
3 )
: exp
(∑
n>0
1− t−n
1− pn
pn
bn
n
(γ−n − γn)wn
)
× exp
(∑
n>0
1− tn
1− pn
an
n
(γn − γ−n)w−n
)
: +δ(γz/w)
θp(qq3)θp(t
−1q3)
(p; p)2∞θp(q3)
: exp
(
−
∑
n>0
1− tn
1− pn
pn
b−n
n
(γ−n − γn)w−n
)
exp
(
−
∑
n>0
1− t−n
1− pn
a−n
n
(γn − γ−n)wn
)
:
=
θp(q)θp(t
−1)
(p; p)2∞θp(q
−1
3 )
(
δ(γw/z)ϕ¯(γ1/2w)− δ(γz/w)ϕ(γ−1/2w)
)
. (G.17)
We thus see that indeed the horizontal representation
x+(z) 7→ uγnz−nη(z), x−(z) 7→ u−1γ−nznξ(z), ψ+(z) 7→ γ−nϕ¯(z), ψ−(z) 7→ γnϕ(z), (G.18)
satisfies the defining relations of the elliptic DIM.
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H Proof of AFS property
To check the AFS property for these vertices, we need the following results of contractions between
vertex operators.
η(z)Φλ[u, v] =
1
Yλ(z)
: η(z)Φλ[u, v] :, (H.1)
Φλ[u, v]η(z) = −
vq3
z
1
Yλ(zq
−1
3 )
: Φλ[u, v]η(z) :, (H.2)
ξ(z)Φλ[u, v] = Yλ(γ
−1z) : ξ(z)Φλ[u, v] :, (H.3)
Φλ[u, v]ξ(z) = −γ
−1 z
v
Yλ(zγ
−1) : Φλ[u, v]ξ(z) :, (H.4)
ϕ(z)Φλ[u, v] =: ϕ(z)Φλ[u, v] :, (H.5)
Φλ[u, v]ϕ(z) = γ
2 Yλ(zγ
−1/2)
Yλ(zγ−1/2q
−1
3 )
: Φλ[u, v]ϕ(z) :, (H.6)
ϕ¯(z)Φλ[u, v] =
Yλ(zγ
1/2q−13 )
Yλ(zγ1/2)
: ϕ¯(z)Φλ[u, v] :, (H.7)
Φλ[u, v]ϕ¯(z) =: Φλ[u, v]ϕ¯(z) :, (H.8)
η(z)Φ∗λ[u, v] = Yλ(zγ
−1) : η(z)Φ∗λ[u, v] :, (H.9)
Φ∗λ[u, v]η(z) = −γ
−1z/vYλ(zγ
−1) : Φ∗λ[u, v]η(z) :, (H.10)
ξ(z)Φ∗λ[u, v] =
1
Yλ(zq
−1
3 )
: ξ(z)Φ∗λ[u, v] :, (H.11)
Φ∗λ[u, v]ξ(z) = −
v
z
1
Yλ(z)
: Φ∗λ[u, v]ξ(z) :, (H.12)
ϕ(z)Φ∗λ[u, v] =: ϕ(z)Φ
∗
λ[u, v] :, (H.13)
Φ∗λ[u, v]ϕ(z) = γ
−2Yλ(zγ
−3/2)
Yλ(zγ1/2)
: Φ∗λ[u, v]ϕ(z) :, (H.14)
ϕ¯(z)Φ∗λ[u, v] =
Yλ(zγ−1/2)
Yλ(zγ−5/2)
: ϕ¯(z)Φ∗λ[u, v] :, (H.15)
Φ∗λ[u, v]ϕ¯(z) =: Φ
∗
λ[u, v]ϕ¯(z) : . (H.16)
We check the AFS property for g = x±(z), ψ±(z) one by one as follows. We have
ρ
(1,n+1)
−uv (x
+(z))Φ(n)[u, v]− Φ(n)[u, v](ρ(0,1)v ⊗ ρ
(1,n)
u )
(
ψ−(z)⊗ x+(z)
)
= −
∑
λ
aλuvγ
n+1z−(n+1)η(z)Φ
(n)
λ 〈〈v, λ| −
∑
λ
aλuγ
nz−nγ−1ΨλΦ
(n)
λ η(z)〈〈v, λ|
= −uvγn+1z−(n+1)
∑
λ
aλ
(
1
Yλ(z)
∣∣∣∣
z∼∞
−
1
Yλ(z)
∣∣∣∣
z∼0
)
: η(z)Φ
(n)
λ [u, v] : 〈〈v, λ| ,
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which exactly matches,
Φ(n)[u, v]ρ(0,1)v (x
+(z)) =
∑
λ
aλΦ
(n)
λ [u, v]〈〈v, λ|x
+(z)
= −
γ−1b
(p; p)2∞
∑
λ
∑
x∈R(λ)
aλΦ
(n)
λ 〈〈v, λ− x| δ(z/χx) Resz→χx
θz−1Yλ(zq
−1
3 )
= −
γ−1b
(p; p)2∞
∑
λ′
∑
x∈A(λ′)
aλ′
aλ′+x
aλ′
Φ
(n)
λ′+x〈〈v, λ
′| δ(z/χx)
θp(t)θp(q
−1)
θp(q3)
Yλ′(χxq
−1
3 )
= −uvγn+1
b
(p; p)2∞
∑
λ′
∑
x∈A(λ′)
aλ′χ
−(n+1)
x : η(χx)Φ
(n)
λ′ : 〈〈v, λ
′| δ(z/χx) Res
z→χx
θ 1
zYλ′(z)
,
by using the generalized Ramanujan’s identity (E.1) and setting b = 1.
For x−, we have
ρ
(1,n+1)
−uv (x
−(z))Φ(n)[u, v]− Φ(n)[u, v](ρ(0,1)v ⊗ ρ
(1,n)
u )
(
1⊗ x−(z)
)
= −
∑
λ
aλu
−1v−1γ−(n+1)zn+1ξ(z)Φ
(n)
λ 〈〈v, λ| −
∑
λ
aλu
−1γ−nznΦ
(n)
λ ξ(z)〈〈v, λ|
= −
∑
λ
aλu
−1v−1γ−(n+1)zn+1
(
Yλ(γ
−1z)
∣∣
z∼∞
− Yλ(γ
−1z)
∣∣
z∼0
)
: ξ(z)Φ
(n)
λ [u, v] : 〈〈v, λ| ,
(H.17)
matching with
Φ(n)[u, v](ρ(0,1)v ⊗ ρ
(1,n)
u )
(
x−(γz)⊗ ψ+(γ1/2z)
)
=
b−1
(p; p)2∞
γ−n
∑
λ
∑
x∈A(λ)
aλ : Φ
(n)
λ [u, v]ϕ¯(γ
−1/2χx) : 〈〈v, λ+ x| δ(γz/χx) Res
z→χx
θ 1
zYλ(z)
= −
b−1
(p; p)2∞
u−1v−1γ−(n+1)
∑
λ′
∑
x∈R(λ′)
aλ′(χx/γ)
n+1 : Φ
(n)
λ′ [u, v]ξ(γ
−1χx) : 〈〈v, λ
′| δ(γz/χx) Res
z→χx
θz−1Yλ(zq
−1
3 ),
where we used
ϕ¯(z) =: η(γ1/2z)ξ(γ−1/2z) :, (H.18)
and
Res
z→χx/γ
θz−1Yλ(zγ
−1) = Res
z→χx
θz−1Yλ(zq
−1
3 ). (H.19)
For ψ±,
ρ
(1,n+1)
−uv (ψ
+(z))Φ(n)[u, v] =
∑
λ
aλγ
−(n+1)Ψλ(zγ
1/2) : ϕ¯(z)Φ
(n)
λ [u, v] : 〈〈v, λ| , (H.20)
ρ
(1,n+1)
−uv (ψ
−(z))Φ(n)[u, v] =
∑
λ
aλγ
n+1 : ϕ(z)Φ
(n)
λ [u, v] : 〈〈v, λ| , (H.21)
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and
Φ(n)[u, v](ρ(0,1)v ⊗ ρ
(1,n)
u )
(
ψ+(γ1/2z)⊗ ψ+(z)
)
=
∑
λ
aλγ
−nγ−1Ψλ(zγ
1/2) : Φ
(n)
λ [u, v]ϕ¯(z) : 〈〈v, λ| , (H.22)
Φ(n)[u, v](ρ(0,1)v ⊗ ρ
(1,n)
u )
(
ψ−(γ−1/2z)⊗ ψ−(z)
)
=
∑
λ
aλγ
nγ−1Ψλ(zγ
−1/2)γ2Ψ−1λ (zγ
−1/2 : Φ
(n)
λ [u, v]ϕ(z) : 〈〈v, λ| . (H.23)
They agree with each other again, and we see that the AFS property holds for Φ(n)[u, v].
For Φ∗, The confirmation for g = x+ goes as,
(ρ(1,n)u ⊗ ρ
(0,1)
v )(x
+(z)⊗ 1)Φ∗(n)[u, v]− Φ∗(n)[u, v]ρ(1,n+1)−uv (x
+(z))
=
∑
λ
aλ |v, λ〉〉
(
uγnz−n Yλ(zγ
−1)
∣∣
z∼∞
: η(z)Φ
∗(n)
λ [u, v] :
+uvγn+1z−(n+1)(−γ−1z/v) Yλ(zγ
−1)
∣∣
z∼0
: Φ
∗(n)
λ [u, v]η(z) :
)
=
∑
λ
aλ |v, λ〉〉uγ
nz−n
(
Yλ(zγ
−1)
∣∣
z∼∞
− Yλ(zγ
−1)
∣∣
z∼0
)
: η(z)Φ
∗(n)
λ [u, v] :, (H.24)
and
(ρ(1,n)u ⊗ ρ
(0,1)
v )(ψ
−(γ1/2z)⊗ x+(γz))Φ∗(n)[u, v]
=
γnb
(p; p)2∞
∑
λ
aλ
∑
x∈A(λ)
δ(zγ/χx) Res
z→χx
θ 1
zYλ(z)
|v, λ+ x〉〉 : ϕ(zγ1/2)Φ∗(n)λ [u, v] :
= −
γnb
(p; p)2∞
∑
λ′
∑
x∈R(λ′)
aλ′γ
−1χ−1x δ(zγ/χx) Res
z→χx
θYλ′(zq
−1
3 ) |v, λ
′〉〉γu(γ/χx)
n : η(χxγ
−1)Φ
∗(n)
λ′ [u, v] :
= −
uγnb
(p; p)2∞
∑
λ′
∑
x∈R(λ′)
aλ′δ(zγ/χx)z
−n Res
z→χx
θz−1Yλ′(zq
−1
3 ) |v, λ
′〉〉 : η(z)Φ∗(n)λ′ [u, v] :, (H.25)
where we used
ϕ(z) =: η(zγ−1/2)ξ(zγ1/2), (H.26)
and (H.19) again.
For g = x−, we have
(ρ(1,n)u ⊗ ρ
(0,1)
v )(x
−(z)⊗ ψ+(z))Φ∗(n)[u, v]− Φ∗(n)[u, v]ρ(1,n+1)−uv (x
−(z))
= u−1γ−nzn
∑
λ
aλγ
−1Ψλ(z) |v, λ〉〉
1
Yλ(zq
−1
3 )
: ξ(z)Φ
∗(n)
λ [u, v] :
−u−1v−1γ−(n+1)zn+1
∑
λ
aλ |v, λ〉〉
v
z
1
Yλ(z)
: ξ(z)Φ
∗(n)
λ [u, v] :
= u−1γ−(n+1)zn
∑
λ
aλ
(
1
Yλ(z)
∣∣∣∣
z∼∞
−
1
Yλ(z)
∣∣∣∣
z∼0
)
|v, λ〉〉 : ξ(z)Φ∗(n)λ [u, v] :, (H.27)
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matching with
(ρ(1,n)u ⊗ ρ
(0,1)
v )(1⊗ x
−(z))Φ∗(n)[u, v]
=
b−1γ−1
(p; p)2∞
∑
λ
aλ
∑
x∈R(λ)
δ(z/χx) Res
z→χx
θz−1Yλ(zq
−1
3 ) |v, λ− x〉〉Φ
∗(n)
λ [u, v]
= −
b−1γ−1
(p; p)2∞
∑
λ′
∑
x∈A(λ′)
aλ′δ(z/χx)γχ
−1
x Res
z→χx
θ 1
Yλ′(z)
|v, λ′〉〉γ−1u−1χnx/γ
n : ξ(χx)Φ
∗(n)
λ′ [u, v] :
= −
b−1γ−(n+1)
(p; p)2∞
∑
λ′
∑
x∈A(λ′)
aλ′δ(z/χx)z
n Res
z→χx
θ 1
zYλ′(z)
|v, λ′〉〉 : ξ(χx)Φ
∗(n)
λ′ [u, v] : . (H.28)
For g = ψ±, we have
(ρ(1,n)u ⊗ ρ
(0,1)
v )(ψ
+(z)⊗ ψ+(γ−1/2z))Φ∗(n)[u, v]
=
∑
λ
aλγ
−1Ψλ(zγ
−1/2) |v, λ〉〉γ−n
Yλ(zγ−1/2)
Yλ(zq
−1
3 γ
−1/2
: ϕ¯(z)Φ
∗(n)
λ [u, v] :, (H.29)
(ρ(1,n)u ⊗ ρ
(0,1)
v )(ψ
−(z)⊗ ψ−(γ1/2z))Φ∗(n)[u, v]
=
∑
λ
aλγ
−1Ψλ(zγ
1/2) |v, λ〉〉γn : ϕ(z)Φ∗(n)λ [u, v] :, (H.30)
respectively equal to
Φ∗(n)[u, v]ρ
(1,n+1)
−uv (ψ
+(z)) = γ−(n+1)
∑
λ
aλ |v, λ〉〉 : Φ
∗(n)
λ [u, v]ϕ¯(z) :, (H.31)
Φ∗(n)[u, v]ρ
(1,n+1)
−uv (ψ
+(z)) = γn+1
∑
λ
aλ |v, λ〉〉γ
−2Ψλ(zγ
1/2) : Φ
∗(n)
λ [u, v]ϕ(z) : . (H.32)
Q.E.D.
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